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Synopsis
Power law rheology is of widespread occurrence in complex materials that are characterized
by the presence of a very broad range of microstructural length and time scales. Although
phenomenological models able to reproduce the observed rheological features exist, in gen-
eral a well-established connection with the microscopic origin of this mechanical behavior is
still missing. As a model system, this work focuses on a fractal colloidal gel. We thoroughly
characterize the linear power law rheology of the sample and its age dependence. We show
that at all sample ages and for a variety of rheological tests the gel linear viscoelasticity is
very accurately described by a Fractional Maxwell (FM) model, characterized by a power
law behavior. Thanks to a unique set-up that couples small-angle static and dynamic light
scattering to rheological measurements, we show that in the linear regime shear induces
reversible non-affine rearrangements which might be at the origin of the power law rheol-
ogy and we discuss the possible relationship between the FM model and the microscopic
structure of the gel.
PACS numbers: XXX
Keywords: XXX
I. INTRODUCTION
Power law rheology is of widespread occurrence in complex materials that do not exhibit
one unique relaxation time, from biomaterials, such as cells Fabry et al. (2001); Djordjevic
et al. (2003); Desprat et al. (2005); Balland et al. (2006); Kollmannsberger and Fabry
(2011); Hecht et al. (2015), tissues Kohandel et al. (2005); Davis et al. (2006); Shen et al.
(2013), or biopolymer networks Gobeaux et al. (2010); Curtis et al. (2015) and pastes
Jo´z´wiak et al. (2015), to food science Ma and Barbosa-Ca´novas (1996); Zhou and Mul-
vaney (1998); Subramanian et al. (2006); Ng and McKinley (2008); Caggioni et al. (2007);
Korus et al. (2009); Moreira et al. (2011); Ronda et al. (2013); Xu and Chen (2013); Jais-
hankar and McKinley (2014); Leocmach et al. (2014); Jo´z´wiak et al. (2015); Faber et al.
(2017a,b), colloidal gels Rich et al. (2011), microgels Lidon et al. (2017), hydrogels Hung
et al. (2015), polymer gels Chambon et al. (1986); Winter and Chambon (1986); Durand
et al. (1987); Martin et al. (1988); Adolf and Martin (1990); Tirtaatmadja et al. (1997);
Larsen and Furst (2008); Leibler et al. (1991), melts Plazek (1960); Herna´ndez-Jime´nez
et al. (2002); Friedrich et al. (1999), elastomers Curro and Pincus (1983); Winter and
Mours (1999); Ferry (1980), and composites Metzler et al. (1995). Although the generality
of power law rheology is captured by phenomenological models such as the Soft Glassy Rhe-
ology model Sollich et al. (1997); Sollich (1998), in general a well established connection
with the microscopic origin of this mechanical behavior is still missing. Few exceptions
include the parallel drawn between power law rheology and microscopic structure and dy-
namics in the framework of polymer physics. This is for example the case of Rouse motion,
a)Electronic mail: stefano.aime@gmail.com.
b)Electronic mail: Luca.Cipelletti@umontpellier.fr.
c)Electronic mail: Laurence.Ramos@umontpellier.fr.
ar
X
iv
:1
80
2.
03
82
0v
2 
 [c
on
d-
ma
t.s
of
t] 
 5 
Oc
t 2
01
8
2 Power law viscoelasticity of a fractal colloidal gel
where the self-similar relaxation dynamics naturally come into play as a consequence of the
fractal nature of the polymer coil Colby and Rubinstein (2003). In this case, the fractal
dimension df = 2 describing the microscopic structure is directly linked to the fractional
order of the rheological model, i.e. the exponent α = 0.5 describing the power law rheology.
Similarly, in the attempt of modeling polymer gels at the critical point, Adolf and Martin
Adolf and Martin (1990) explicitly derive a power law distribution of relaxation times from
a postulated scale-independence, which is assumed to hold at the critical gel point according
to percolation theory Stauffer and Aharony (2003), in quantitative agreement with a direct
measurement of the fractal mass distribution Martin and Adolf (1991). More generally,
a quantitative link between power law rheology and the microscopic structures of critical
gels with arbitrary fractal dimension is established by Muthukumar Muthukumar (1989) in
the two limit cases of screened and unscreened excluded volume and hydrodynamic inter-
actions. This model essentially extends Rouse dynamics from a single chain to a branched,
fractal object. In this case the mathematical formulation is much more involved, but, as in
Rouse dynamics, the power law rheology reveals the self-similarity of microscopic dynam-
ics, stemming from the fractal structure Patr´ıcio et al. (2015). Accordingly, the direct link
between fractal structure and power law rheology has proved to properly describe several
experimental results on various polymer networks Dahesh et al. (2016); Takenaka et al.
(2004); Matsumoto et al. (1992). Although fractal structures are very well represented in
soft materials, from human tissues Helmberger et al. (2014); Mauroy et al. (2004); Ahmadi
et al. (2013) to polymer and colloidal gels Martin and Adolf (1991); Carpineti and Giglio
(1993); Bremer et al. (1990), the wide spectrum of systems displaying a power law rheology
suggests that power law rheology does not necessarily stem from fractal structure, and that
other microscopic mechanisms might produce power law distributions of relaxation times
as well. In the absence of a full understanding of such mechanisms, however, fractional
rheological models that consider fractional derivatives of the stress and/or the strain in
the constitutive equations remain largely phenomenological, and the amount of relevant
physical information that can be extracted from them remains arguable.
In this regard, one crucial aspect is the scarcity of systems for which a thorough discussion
of linear rheology is available. Indeed, the majority of the works finding a power law
rheology only focuses on oscillatory shear Ma and Barbosa-Ca´novas (1996); Metzler et al.
(1995); Tirtaatmadja et al. (1997); Fabry et al. (2001); Djordjevic et al. (2003); Shen
et al. (2013); Caggioni et al. (2007); Rich et al. (2011); Hung et al. (2015); Friedrich
et al. (1999), whereas others only focus on transient experiments, either stress relaxation
Herna´ndez-Jime´nez et al. (2002); Curro and Pincus (1983), creep Desprat et al. (2005);
Xu and Chen (2013) or both Davis et al. (2006). Transient experiments alone are delicate,
and have to be carefully performed in order to ensure that only the linear regime is being
probed, since sometimes power law creep clearly emerges as a nonlinear phenomenon Duval
et al. (2010); Paredes et al. (2013). Indeed, plastic power law creep is observed for many
systems, from crystalline materials like metals Andrade (1910); Miguel et al. (2002); Poirier
(1985); Cottrell (1952) or ice Ashby and Duval (1985) to colloidal Siebenbu¨rger et al.
(2012); Sentjabrskaja et al. (2015); Coussot et al. (2006); Caton and Baravian (2008)
or polymeric Nechad et al. (2005); Karobi et al. (2016) systems, which would have a very
different rheology in the linear regime. On the other hand, the challenge of oscillatory shear
is that it typically gives access to a limited range of frequencies, which sometimes makes
it difficult to distinguish the predictions of different models. Moreover, measurements are
even more difficult for non-stationary, aging, systems, although clever techniques exist to
overcome those limitations Ghiringhelli et al. (2012); Bouzid et al. (2018); Geri et al.
(2018). In some systems a larger spectrum can be accessed exploiting time temperature
superposition, although its applicability is far from being trivial in most systems cited above.
One instructive example in this regard is represented by various independent works on
flour doughs Korus et al. (2009); Moreira et al. (2011); Ronda et al. (2013), where os-
cillatory rheology revealed clear power law responses, whereas creep and recovery on the
same samples were nicely fitted by a Burger model, which predicts an exponential creep.
In another example on polymer microgels, a power law rheology was found in both oscil-
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latory shear and creep, but described by incompatible power law exponents Lidon et al.
(2017), which also questions the applicability of a fractional model. Moreover, for polymer
melts, a power law creep was also interpreted as the short time limit of a stretched expo-
nential Cheriere et al. (1997). All these examples show that a comparison between different
rheological measurements is essential to truly validate a phenomenological model. This is
done for example on individual cells Balland et al. (2006), but also on collagen networks
Gobeaux et al. (2010), biopolymer gels Ng and McKinley (2008); Leocmach et al. (2014),
natural gums Jaishankar and McKinley (2014) and cheese Faber et al. (2017b). For these
systems, fractional rheological models provide a consistent description of the observed rhe-
ology. However, most of these systems are rather complex, and their structural analysis is
delicate, rendering virtually difficult clear connections between rheological and structural
properties.
In this paper we focus on a simpler model system, namely a colloidal gel, for which both
microscopic structure and spontaneous dynamics are well known and can be easily measured
with scattering methods Carpineti et al. (1995); Cipelletti et al. (2000). Thanks to a careful
analysis of both oscillatory and transient shear we show that the linear rheology is consis-
tently described by a Fractional Maxwell model, whose parameters are discussed in detail,
with reference to the sample structure and to its aging properties. By coupling rheology to
light scattering, we moreover demonstrate that, in the linear viscoelastic regime, the shear
deformation provokes microscopic rearrangements that are fully reversible. The paper is
organized as follows: after reviewing the theoretical background (Sec. II), we describe the
sample preparation and the experimental setup (Sec. III). In Sec. IV the rheological results
are shown and fully described with the linear viscoelastic model, and the link to structural
data is established thanks to a set-up that couples small-angle light scattering to rheolog-
ical measurements. A conclusive section (Sec. V) closes the manuscript, with a detailed
discussion about the link between the rheological properties and the microscopic structure.
II. THEORETICAL BACKGROUND
We recall here the theoretical basis for fractional rheology, which can be found in greater
detail in Refs. R. Hilfer (2000); Jaishankar and McKinley (2013)
A. Fractional derivatives in rheology
For systems characterized by a power law rheology, the relaxation modulus measured,
e.g., in a step strain experiment, decays as G(t) ∝ t−α with 0 < α < 1. For such systems,
fractional expressions come naturally into play as a result of the superposition principle.
Indeed, the stress response to an arbitrary shear history γ(t) is given by the convolution
integral R. Hilfer (2000):
σ(t) =
K
Γ(1− α)τ
α
t∫
−∞
(t− t′)−αγ˙(t′)dt′ (1)
Here K is a modulus and τ is a characteristic time. In this expression one recognizes the
fractional derivative of order α, dα/dtα, which is defined as Γ(1 − α)dαγ/dtα =
t∫
−∞
(t −
t′)−αγ˙(t′)dt′ Demirci and Ozalp (2012). Hence,
σ(t) = Kτα
dαγ
dtα
(2)
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By inverting the above equation, one finds for example that the creep deformation of the
material in response to a step stress applied at time t = 0, σ(t) = σ0Θ(t), with Θ(t) the
Heaviside step function, is a power law:
γ(t) = K−1τ−α
d−α
dt−α
σ(t) =
σ0
K
Θ(t)
Γ(1 + α)
(
t
τ
)α
(3)
For α = 1 one recovers the linear flow of a dashpot element, γ(t) = σ0t/Kτ (for t ≥ 0),
where Kτ is a viscosity. On the other hand, for α = 0, one recovers the step strain of an
elastic spring of elastic modulus K, γ(t) = σ0/K. In the general case (0 < α < 1), Eq. 3
corresponds to a fractional rheological element called Scott-Blair element or springpot Blair
et al. (1947); Bagley and Torvik (1983, 1986). Figure 1 (top) reproduces the creep profiles
expected for springpot elements with different values of the fractional exponent α and shows
a smooth and continuous transition form a viscous liquid to an elastic solid.
B. Fractional Maxwell Model
The Fractional Maxwell (FM) model is based on two springpots in series, and is thus
characterized by four independent parameters, which can be interpreted as an elastic mod-
ulus G0, a characteristic time τFM , and two exponents α and β. In the following, we will
consider the special case where one of the two springpots is reduced to an elastic spring
(β = 0). In this case the rheological constitutive equation reads:
dαγ
dtα
=
1
G0
[
σ(t)
ταFM
+
dασ
dtα
]
(4)
Note that, for α = 1, Eq. 4 corresponds to a standard Maxwell fluid.
Solutions of the FM model for standard rheological experiments have been previously
computed Bagley (1989); Jaishankar and McKinley (2013, 2014); Jo´z´wiak et al. (2015).
For a sinusoidal deformation of angular frequency ω, the storage, G′, and loss, G”, moduli
read:
G′(ω) = G0ζ
cos
(
pi
2α
)
+ ζ
1 + ζ2 + 2ζ cos
(
pi
2α
) (5)
G′′(ω) = G0ζ
sin
(
pi
2α
)
1 + ζ2 + 2ζ cos
(
pi
2α
) (6)
where ζ = (ωτFM)
α.
On the other hand, the creep deformation following the application at time t = 0 of a
step stress of amplitude σ0 reads:
γ(t) =
σ0
G0
[
1 +
1
Γ(α+ 1)
(
t
τFM
)α]
(7)
This equation can be decomposed as follows:
γ(t) = γ+e + γcreep(t) (8)
Here γ+e = σ0/G0 is the instantaneous elastic part of the mechanical response and γcreep(t) =
γe
Γ(α+1)
(
t
τFM
)α
is analogous to Eq. 3 and corresponds to the cumulated creep deformation
since the application of the step stress at time t = 0.
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It is also interesting to investigate the creep recovery, that is the time evolution of the
deformation following the release of the stress σ0 at time T . We here define t
′ = t − T as
the time elapsed since the release of the stress, which has been applied from time t = 0 to
time T . Similarly to the creep, the creep recovery is composed of an instantaneous elastic
relaxation of amplitude γ−e = σ0/G0 and a slow decay function γrec(t
′) that reads:
γrec(t
′) = γcreep(T )
[(
1 +
t′
T
)α
−
(
t′
T
)α]
(9)
We observe that the linear viscoelastic creep of a FM model is completely reversible, since
γrec(t
′ →∞) = 0. Interestingly, Eq. 9 predicts that the initial un-deformed configuration is
recovered with a characteristic time that uniquely depends on the duration T of the creep,
whereas it is independent of the natural timescale τFM. We show in Fig. 1b the creep and
recovery for a Fractional Maxwell model with a representative value of α = 0.5 together
with the asymptotic behaviors, a Maxwell fluid (α = 1) and an elastic solid (α = 0).
III. MATERIAL AND METHODS
A. Sample
We investigate a fractal colloidal gel. The gel is formed by aggregating a water suspension
of charged silica particles (Ludox TM50, from Sigma Aldrich) (of diameter 25 nm) at a
volume fraction φ = 5%. Particle aggregation is triggered by increasing in situ the ionic
strength of the solvent, thanks to the hydrolysis of urea into carbon dioxide and ammonia:
CO(NH2)2 + H2O → CO2 + 2NH3 → NH+4 + NH3 + HCO−3 . This chemical reaction is
catalyzed by an enzyme (Urease U1500-20KU, from Sigma Aldrich), which increases the
ionic strength of the solvent and thus screens the electrostatic repulsion between particles,
eventually inducing particle aggregation Wyss et al. (2004). Adding urea (concentration
1 Mol/l) and urease (35 U/ml) to the colloidal suspension at room temperature induces
a sol-gel transition of the suspension within roughly 3 hours. Structural information on
the gel and on the particles are obtained by neutron and light scattering techniques. In
order to increase the contrast between the particles and the solvent in neutron scattering,
water (H2O) is replaced by heavy water (D2O), without any indication of any structural
and rheological alteration of the sample following the replacement of H2O by D2O.
B. Scattering techniques and rheology
The structure of the sample is probed combining different scattering techniques, allowing
one to access a wide range of scattering vectors q, from 0.1 to 2000 µm−1. We use small-angle
neutron scattering (SANS) (PA20 beamline at Laboratoire Le´on Brillouin, France), and
custom made wide-angle (WALS) and small-angle light scattering setups (SALS) Tamborini
and Cipelletti (2012). For SANS, the sample is held in a 2 mm thick rectangular cell, whereas
for light scattering experiments the cell thickness was decreased to 1 mm in order to avoid
multiple scattering.
Rheological measurements are performed in the Couette cell of a stress-controlled rheome-
ter (Anton Paar MCR502), with a low viscosity silicon oil film on top of the sample to
prevent evaporation over very long timescales (several weeks). Frequency sweep, respec-
tively creep, measurements are performed at sufficiently small strain amplitude (typically
γ0 = 0.1 %), resp. at sufficiently small applied stress, to ensure data are acquired in the
linear regime. Strain sweep experiments are also conducted at 1 Hz to determine the upper
bound of the linear regime. For the frequency sweep during sample aging, we choose a pro-
tocol that minimizes the impact of the finite experimental time on the measured viscoelastic
moduli: we performe high-to-low and low-to-high frequency sweeps one after the other, and
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for each frequency we take the average of the moduli measured during the two sweeps. The
waiting time tw reported in each plot corresponds to the average between the times of the
two measurements, and is the same for all frequencies. Except at very short aging time,
the duration of one frequency sweep is short compared to the sample aging time, hence
ensuring reliable results.
In addition, the sample structure, dynamics and rheological properties are also probed si-
multaneously using a custom made SALS apparatus Tamborini and Cipelletti (2012), which
is coupled to a linear, parallel plate stress-controlled shear cell Aime et al. (2016). The setup
allows one to access scattering vectors q ranging from about 0.2 µm−1 to 4 µm−1, essen-
tially oriented in the (vorticity, velocity) plane, with a minor q-dependent component along
the shear gradient direction. Static and dynamic light scattering experiments under oscil-
latory shear are performed as described in Aime et al. (2018). In static light scattering
experiments one measures the time-averaged intensity scattered as a function of the scat-
tering vector q, from which information on the particle size and interparticle correlations
can be extracted Zemb and Lindner (2002). On the other hand, in dynamic experiments
one measures the two-time intensity correlation function g2(~q, t1, t2) − 1 ∝ |g1(~q, t1, t2)|2,
where g1 is the intermediate scattering function, quantifying the relative displacements of
the scatterers along the scattering vector ~q Berne and Pecora (2013). Under shear, the
field describing particle displacements is generally anisotropic, and can be decoupled into
an affine contribution, always in the shear direction eˆ‖, and a nonaffine contribution, which
typically has nonzero components perpendicular to eˆ‖. In the scattering geometry, it is
thus possible to decouple the two contributions by looking at scattering vectors oriented in
the vorticity direction (~q⊥), which only carry information about nonaffine rearrangements
whereas scattering vectors oriented in the velocity direction (~q‖) contain contributions from
both affine and non-affine dispalcements.
All experiments are performed at room temperature. For both scattering measurements
and rheological measurements, the sample is loaded in the scattering or shear cell while still
in a liquid state and is then allowed to gel in-situ. By monitoring the sample at rest over
long time, we observe that the gel is stable, and we can neglect the influence of gravity on
the microscopic structure.
IV. RESULTS
A. Sample structure
We show in Fig. 2 the scattering profiles, i.e. the scattered intensity, I, normalized
by particle volume fraction, φ, of a dilute, liquid and stable suspension (φ = 0.037 %)
and of a colloidal gel (φ = 5 %) as a function of the scattering vector q, over several
orders of magnitude, thanks to the combination of three experimental techniques (SANS,
WALS and SALS). Over the whole range of scattering vectors investigated, the scattering
profile of the dilute suspension can be quantitatively accounted for by the form factor
of polydisperse spherical particles Bressler et al. (2015): I(q) =
∫
ρ(R)P (q,R)dR, where
P (q,R) =
[
3 (sin(qR)− qR cos(qR)) (qR)−3
]2
is the form factor of a uniform sphere of
radius R, and the weighting function ρ(R) is derived from a Gaussian distribution of particle
sizes. The best fit of the experimental data (continuous line in Fig. 2) yields an average
diameter a = 25 nm and a 10 % polydispersity (defined as the full width at half maximum of
the particle size distribution). For the colloidal gel, one sees that the data at large q, which
probe the structure of the individual particles, perfectly superimpose with the measurement
for the dilute suspension, as expected. By contrast, data for q < 200 µm−1 largely differ.
The scattered intensity is the one expected for crowded fractal clusters of particles Carpineti
and Giglio (1993); Manley et al. (2005a). For q in the range (10− 200) µm−1, I decays as
q−2, indicating a fractal dimension df = 2. At very low q (q < q∗, with q∗ ≈ 10 µm−1), the
scattered intensity becomes almost q-independent, indicating that on length scales larger
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than 2pi/q∗ ≈ 0.6 µm, the sample structure is rather homogeneous. This value is in good
numerical agreement with the theoretical expectation for the cluster size ξ ∼ aφ1/(df−3) ∼ 1
µm Carpineti and Giglio (1992).
B. Gelation dynamics
Gelation dynamics is probed by dynamic light scattering. At early stages, right after
preparation, the sample is a liquid with a viscosity comparable to that of water. As a
consequence of enzymatic activity, the ionic strength of the solvent grows in time, and after
an induction time that depends on the amount of enzyme added (typically 8000 s in our
experiments), it becomes large enough to trigger particle aggregation. This event can be
clearly seen with dynamic light scattering, since the formation of larger particle clusters
slows down the microscopic dynamics. A few minutes after the onset of aggregation, the
relaxation time τR becomes measurable for most accessed scattering vectors. The scaling
τR ∼ q−2 confirms that we probe the diffusive motion of the aggregates. With time, the
decay of the correlation functions shifts towards larger delays, showing that the aggregates
are growing in size. Eventually, clusters become large enough to touch each other, and
at that moment a system-spanning network is formed. When this happens, the dynamics
slows down tremendously and changes qualitatively, with correlation functions changing
from simple exponentials to compressed exponentials and the τR scaling changing from q
−2
(diffusive-like dynamics) to q−1 (ballistic-like dynamics) (Fig. 3c), as observed for many soft
solid materials Cipelletti et al. (2000); Cipelletti and Ramos (2005).
C. Linear viscoelasticity
1. Frequency sweep during aging
As a network forms, a finite storage modulus G′ is measured by rheometry. Subsequently,
the rheological response of the material rapidly evolves with time towards the elasticity-
dominated pattern shown in Fig. 4a. One defines the sample age tw as the time elapsed
since the gelation time, chosen at the time of crossover between G′ and G′′, as measured at
an angular frequency ω = 0.628 rad/s.
We probe the evolution with sample age of the frequency dependence of the complex
modulus. Data are measured for tw spanning more than 3 orders of magnitude (from 300
s to 8 × 105 s). Over this timescale, the storage modulus increases by almost 3 orders
of magnitude, and the loss modulus by more than 2 orders of magnitude. Interestingly,
all along the aging process, the sample viscoelasticity is always very well described by the
Fractional Maxwell model Jaishankar and McKinley (2013), as shown in Fig. 4a where the
best fits of the experimental data using Eqs. 5 and 6 are displayed.
The evolution of the fit parameters α, τFM and G0 upon sample aging are given in Fig. 5.
Although the data are somehow noisy, the exponent α is measured to slightly decrease with
sample age, from ∼ 0.42 to ∼ 0.32, in analogy to what found in the literature on biopolymer
gels Curtis et al. (2015). On the other hand, the elastic modulus, G0, and the characteristic
time, τFM, display a smooth and continuous increase with tw. Both parameters are measured
to increase rather rapidly at short time (tw . 104 s), and less steeply at longer times. In
the late time regime, we find τFM ∼ tw, with τFM about one order of magnitude smaller
than the waiting time and G0 ∼ t1/3w . Note that the scaling law measured for the elastic
modulus with sample age is similar to previous findings for other colloidal gels Manley et al.
(2005b); Koumakis and Petekidis (2011); Guo et al. (2011); Calzolari et al. (2017).
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2. Creep experiments for old samples
To check for consistency as well as to probe smaller frequencies, we perform creep exper-
iments in the linear regime. Typical creep profiles are shown in Fig. 4b for different waiting
times tw, in the range (1.2 − 5.4) · 105 s. Here the sample is rather old, ensuring that
during each creep measurement, which lasts 10000 s at most, sample aging is negligible.
The shear stress is fixed at σ0 = 30 Pa and is about 2 orders of magnitude smaller than
the elastic modulus, such that measurements are performed in the linear regime. Indeed, a
strain sweep on an old sample (tw = 24 × 105 s) shows that linearity extends beyond 1%
deformation (Fig. 6).
As the sample ages and G0 increases, the initial elastic jump for a fixed applied stress
becomes smaller, and the further increase with time of the strain becomes smaller as well.
For all sample ages investigated (between 105 and 106 s), we find that the whole time
evolution of the strain is very well fitted by the theoretical prediction of the FM model
(Eq. 7), with parameter values that are fully consistent with those measured in oscillatory
experiments (see squares in Fig. 5). To further prove the appropriateness of the FM model,
we plot the data in rescaled units, X˜ = 1Γ(α+1)
(
t
τFM
)α
and Y˜ = G0γσ − 1. We find a nice
collapse onto a single curve, which is moreover in perfect agreement with the theoretical
expectation Y˜ = X˜ (Eq. 7).
A direct comparison of creep and frequency sweep measurements can be achieved using
methods available in literature Evans et al. (2009). As an illustration, we show in Fig. 7 the
direct measurement of the frequency-dependence of the storage and loss moduli, together
with the frequency dependence of G′ and G” computed from a creep experiment Evans
et al. (2009), and the fit using the FM model. We find a nice overlap of the two sets of data.
Importantly, creep measurements allow the measurements to be extended at lower frequency
as compared to oscillatory rheology, about one decade for the data shown in Fig. 7. These
data allow one to probe the sample behavior almost up to the FM characteristic time τFM .
At low angular frequencies (ω  τ−1FM), both G′ and G′′ increase as ωα, whereas in the high
angular frequency regime (ω  τ−1FM), G′ ∼ G0 and G′′ ∝ ω−α.
Overall, we find that the evolution of the three parameters of the FM model as extracted
from oscillatory shear and creep experiments nicely overlap over the whole range of sample
ages. This demonstrates the relevance of the Fractional Maxwell model to describe the
linear viscoelasticity of our fractal colloidal gel.
3. Creep-recovery experiments
To further test the FM model, we perform creep recovery experiments. Here, after a
creep of duration T , the stress is released, and the sample is left at rest until the creep
strain is fully relaxed, before applying another step stress. T is chosen such that the sample
age (tw > 10
5 s) is much larger than the duration of the experiment, in order to keep
aging effects negligible during creep. The strain evolution during a representative creep
and recovery experiment is shown in Fig. 8a, together with the fit with the FM model
(Eq. 8 for the creep and Eq. 9 for the recovery). We find that the FM reproduces extremely
well the experimental data. Interestingly, we measure that, for initial elastic jumps γ+e
up to 3.5% (obtained by imposing various stress amplitudes), the instantaneous recovery
γ−e is exactly equal to γ
+
e (inset Fig. 8). Such equality provides a further indication that
the experimental data correspond to the linear viscoelastic regime, in agreement with the
findings for the oscillatory and creep experiments.
Typical strain relaxations during creep recovery are shown in Fig. 8b for an old sample
(tw ≈ 5 ·105s) that has been submitted to three consecutive creep tests of duration T = 100,
1000 and 10000 s. We find that as the duration of the creep is longer, the initial value of γ in
the creep recovery is higher, as expected. Equation 9 predicts that after the sudden release
of the external stress the macroscopic deformation should decay to 0 with a characteristic
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shape depending on α and scaling as t′/T . Figure 8d shows that the t′/T scaling does
indeed hold, since data measured for different creep durations collapse on a single curve
once the strain is normalized by the strain cumulated at the end of the previous creep step
(γcreep(T ), cf. Eq. 8), and time t
′ is normalized by the creep duration T .
The data shown in Fig. 8 show that creep recovery experiments are also in good quanti-
tative agreement with FM predictions, and that the cumulated strain γ almost fully relaxes
to 0. This suggests that the rearrangements occurring during creep are reversible, despite
the sample is not purely elastic.
D. Reversibility
1. Structural anisotropy
We check for reversibility at a microscopic level by direct structural measurements during
a sinusoidal shear deformation, using the home-made set-up that couples small-angle light
scattering to a stress-controlled shear cell described in Aime et al. (2016). The microscopic
structure of the sample is monitored as a function of time during sample deformation for
rheological tests similar to those performed in a classical rheometer and presented above.
Over the range of wave-vectors q probed (between 0.4 and 4 µm−1), the scattered intensity
does not evolve, suggesting that the structure of the colloidal gel is fundamentally pre-
served under deformation in the linear regime. However, as the sample is sheared, a small
anisotropy (a few percents) in the static structure factor is detected. Such anisotropy has
already been observed in simulations Park et al. (2017); Colombo and Del Gado (2014);
Bouzid and Del Gado (2018); Jamali et al. (2017) and measured in experimental works
on colloidal gels Mohraz and Solomon (2005); Vermant and Solomon (2005); Kim et al.
(2014). It has been interpreted as the signature of structural alignment in the direction of
flow.
In particular, in our experiments we find that the intensity of the light scattered in
the direction perpendicular to the shear direction (vorticity direction), I(~q⊥), is constant,
whereas the one scattered in the parallel (velocity) direction, I(~q‖), changes roughly linearly
with the macroscopic deformation. To quantify this effect, we define a static anisotropy
parameter χ(q) =
[
I(~q‖)− I(~q⊥)
]
/
[
I(~q‖) + I(~q⊥)
]
. We find that the anisotropy χ(q) nicely
follows the evolution of the strain when the sample is submitted to a small oscillatory stress,
as illustrated in Fig. 9a for σ0/G0 = 4% and q = 2.6 µm
−1. Similarly, χ roughly follows
the time evolution of the measured macroscopic strain during a creep and creep recovery
experiment (Fig. 9c). Overall, our data show that, in the linear regime, the structural
anisotropy is proportional to the strain applied and is therefore fully reversible. More
quantitatively, we plot χ as a function of the strain amplitude γe in Fig. 9b. For −4% <
γe < +4%, we can empirically model the observed asymmetry with the linear relation
χ(q, γ) = k(q)γ, with the factor k(q) a phenomenological proportionality constant that
increases roughly linearly with q (inset of Fig. 9b). Consistently, 4% correspond to the limit
of the linear regime as defined from the maximum strain amplitude at which the complex
moduli are independent of the strain amplitude (Fig. 6). Beyond γ = 4%, an excess of
anisotropy is measured, corresponding to the onset of rheological non-linearity.
2. Non-affine dynamics and microscopic reversibility
The reversibility of the imposed deformation is confirmed at a microscopic level by dy-
namic light scattering under oscillatory shear. By means of a two-time intensity correlation
function (cf. Sec. III), dynamic light scattering allows one to quantify the evolution of the
sample microscopic configuration during deformation. Representative experimental results
are shown in fig. 10b, where the microscopic configuration of the sample at rest is com-
pared with that of the sample under an oscillatory shear of amplitude γ0 = 0.4% (fig. 10a).
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Data for two wavevectors with equal magnitude q = 3.1 µm−1 but different orientations,
either parallel (~q‖) or perpendicular (~q⊥) to the shear direction, are compared. Both show
a sudden drop as soon as the sample is deformed. This implies that the particles’ relative
position changes as a consequence of shear.
We emphasize the fact that a significant decorrelation is also observed along ~q⊥, indicating
that the sample deformation is not purely affine. Nonaffine deformations can be interpreted
in two different ways. They could be due to plastic, irreversible rearrangements Falk and
Langer (1998) or they may originate from spatial fluctuations of the sample elastic modulus
Basu et al. (2011); DiDonna and Lubensky (2005); Le´onforte et al. (2006). Remarkably,
we observe that for both components ~q‖ and ~q⊥ the correlation function increases again as
the macroscopic deformation is reverted, and reaches values close to 1 when γ(t) = 0, e.g.
for a time delay τ = 1/f , f being the frequency of the oscillation: this behavior is referred to
as correlation echo and has been reported for a variety of soft systems under an oscillatory
deformation of modest amplitude He´braud et al. (1997); Petekidis et al. (2002); Laurati
et al. (2014); Rogers et al. (2014). The value of the correlation echo is very close to one,
indicating that as the macroscopic deformation is recovered, the microscopic configuration
reverts to that of the sample at rest. This unambiguously demonstrates that no plastic
events occur during the oscillatory shear in the linear regime (cf. fig. 10c). In this regime,
therefore, the non-affinities are due to spatial inhomogeneities of the sample elastic modulus,
as reported for other network-forming systems Basu et al. (2011). Interestingly we note that
non-affine reversible rearrangements have also been observed in the simulations of a gel in
the linear regime and interpreted as a consequence of the extended floppy modes of the gel
structure Colombo et al. (2013); Colombo and Del Gado (2014). The scenario depicted
in the linear regime changes as soon as γ0 is increased beyond the linear regime: as shown
in fig. 10d, a sharp drop in the first correlation echo indicates the onset of irreversible
rearrangements taking place in the nonlinear regime. This non-linear, irreversible regime
is beyond the scope of this work. We simply mention that we have uncovered intriguing
dynamical precursors of failure in the non-linear regime of creep tests Aime et al. (2018).
V. DISCUSSION AND CONCLUSION
We have investigated in detail the linear viscoelasticity of a fractal colloidal gel. Thanks
to a combination of several rheological tests, we have demonstrated that the linear vis-
coelasticity can be very well described by a Fractional Maxwell model. This model depends
on three parameters, an elastic modulus, a characteristic time and an exponent, α, which
remain yet to be related to some underlying physical processes. We note that a fractional
Kevin-Voigt (FKV) model cannot account for our experimental data, since it predicts an
increase of G” with the frequency which is at odds with our measurements. Equivalently,
one would not get an instantaneous elastic strain jump in creep with any Kelvin-Voigt-based
model. Bouzid et al. (2018)
As mentioned in the introduction, an expression linking fractal dimension and power law
rheology can be borrowed from the work of Muthukumar Muthukumar (1989) on critical
gels. In the limit of screened hydrodynamic and excluded volume interactions, α is related
to the fractal dimension df through α = [3(5− 2df )]/[2(5− df )]. Using this expression, we
find that the slight decrease of the exponent α of the FM model with sample age, from 0.45
to 0.35 (Fig. 5) would correspond to a fractal dimension slightly increasing from df = 2.05 to
2.15. Within the experimental error, this prediction is in excellent agreement with the value
of df extracted from our scattering data (Fig. 2). Although we could not experimentally
check the evolution of the fractal dimension with sample age as it requires a neutron beam,
we note that a slow increase of df with sample age has previously been measured in more
dilute colloidal gels Cipelletti et al. (2000). The quantitative agreement with Muthukumar’s
prediction, further strengthens the connection between the fractal structure and the power
law rheology, extending it beyond the framework of critical gels discussed in Ref. Muthuku-
mar (1989). This is actually intriguing, since the original derivation Muthukumar (1989)
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was based on the assumption that the structure was scale-free, whereas in our case the
fractal cluster size ξ clearly emerges from Fig. 2 as a characteristic length scale of the sys-
tem. We note in addition that powerlaw rheology with a similar exponent 0.5 could also be
observed in numerical works for gels for which the exponent could not be straightforwardly
related to a fractal structure. Zia et al. (2014); Landrum et al. (2016); Bouzid et al.
(2018) Moreover possible differences between the static microstructure and the structure of
the stress-bearing backbone might be an issue.
The presence of a cluster network of well defined connectivity challenges the validity of
the FM model at the smallest frequencies. The power law distribution of relaxation times
assumed by the model implies for instance that the creep deformation reaches arbitrarily
large values at times long enough, whereas one should expect a saturation to a terminal
plateau deformation at long times somewhere beyond τFM . Unfortunately, such timescales
are experimentally inaccessible, since the characteristic time grows linearly with sample age:
as a consequence, any experiment probing a timescale beyond τFM would automatically be
affected by aging. For this reason, the only way to test the consistency of FM at very small
frequencies would be to repeat this analysis on different samples, for example changing the
volume fraction. Based on a simple analysis with the time-cure superposition for polymer
gels (see e.g. Adolf and Martin (1990)) and discussed in the introduction, one might expect
that, with increasing volume fraction, the sample would be increasingly far away from the
critical gel point: the range of length scales displaying self-similarity would be thus reduced
and consequently one might expect an eventual terminal plateau to be shifted at higher
frequencies.
On the other hand, we argue that the impossibility of addressing the putative loss peak
around τFM in any clean experiment questions its physical relevance. The usual interpreta-
tion of a fractional rheological model is based on the existence of a power law distribution
of relaxation times, of which τFM should represent some average value. However, one could
argue about what physical interpretation should be attributed to relaxation times beyond
the characteristic time for physical aging. Indeed, physical aging represents a true challenge
for the fractional calculus-based framework presented in this paper, since it has to be in-
troduced ‘by hand’ in the model in order to account for the experimental data. Therefore,
one may wonder whether a more natural framework could exist that accounts for both the
power law rheology and its time dependence. One potential candidate is Soft Glassy Rheol-
ogy (SGR) Sollich et al. (1997), which considers that the sample mechanics is controlled by
disorder, metastability and local structural rearrangements. The advantage of SGR is that
aging emerges as a natural consequence of these features, and SGR predicts a virtual struc-
tural relaxation time linearly increasing with sample age Fielding et al. (2000), compatible
with our findings. Within this framework, our gel would be represented by an effective
‘noise temperature’ x = 1− α ∼ 0.6, well below the glass transition (which in SGR occurs
at x = 1). The frequency spectrum of the sample is then predicted to be characterized by a
nearly constant elastic modulus G′ and a loss modulus G′′ ∼ ωx−1 Sollich (1998), which is
in good agreement with the data in the experimentally accessible frequency range (Fig. 7).
However, one feature that appears to be in stark contrast with the picture offered by SGR
is the complete reversibility of the deformation, as demonstrated by the creep recovery ex-
periments (see e.g. Fig. 8) and by the dynamic light scattering coupled to shear (Fig. 10).
By contrast, in SGR creep is never completely recoverable, and the non-recoverable amount
depends on the creep duration. Moreover, SGR predicts a logarithmic creep in the glassy
regime (x < 1) Fielding et al. (2000), which is clearly incompatible with our experimental
data (Fig. 4).
On the one hand, these considerations explicitly demonstrate that a thorough comparison
between different rheological experiments allows one to discriminate between models that
would be indistinguishable only looking at one kind of test, say oscillatory rheology. On the
other hand, they raise the question of whether some concepts of SGR could be borrowed to
provide a more natural framework to introduce aging in fractional models. This possibility
opens intriguing perspectives for future theoretical works, aiming at a deeper understanding
of the microscopic origin of power law rheology.
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In addition, we have shown that non-affine but reversible rearrangements occur in the
linear regime, thus hinting at a possible connection between reversible non-affinities and
power law rheology. Relating those non affinities to some physical parameters as done in
Basu et al. (2011) is delicate and would certainly deserve deeper investigation, by performing
for instance spatially resolved measurements.
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FIG. 1. a) Normalized strain as a function of the normalized time upon application of a constant
stress of amplitude σ0 applied at time 0 for a springpot with different exponents α as indicated in
the legend. b) Time evolution of the strain normalized by the initial elastic jump during the creep
and recovery of an elastic solid (α = 0), a Maxwell fluid (α = 1) and a fractional Maxwell fluid
with an exponent α = 0.5.
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FIG. 2. Scattered intensity of the colloidal gel at φ = 5% volume fraction (filled symbols) and
of a stable colloidal suspension, at φ = 0.037% (empty symbols), probed with small angle neutron
scattering, wide-and X ray scattering and static light scattering, as indicated in the legend. Red
line: fitted form factor of a polydisperse set of spheres of average diameter 25 nm and polydispersity
10%.
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FIG. 3. (a) Intensity correlation functions plotted as a function of time delay, τ , for different
times t
(d)
w after the onset of aggregation. The scattering vector is q = 1.5 µm
−1. (b,c) Relaxation
times extracted from correlation functions during the aggregation stages (t
(d)
w = 1200 s, red circles)
and once a network is formed (t
(d)
w = 5000 s, black squares), and plotted as a function of q. The
lines are power law fits with exponent −2 (aggregation stage) (b) and −1 (gel stage) (c).
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FIG. 4. (a) Viscoelastic moduli measured during sample aging at a strain amplitude γ0 = 0.1%,
and plotted as a function of angular frequency for different waiting times tw as indicated in the
legend. Solid lines represent fits using Eqs. 5 and 6. The fit parameters (stars) are displayed in
figure 5. (b) Creep deformation under a shear stress σ0 = 30 Pa for 4 different sample ages, from
top to bottom tw = 12× 104, 26× 104, 40× 104, 54× 104s. Lines are fits of the experimental data
using Eq. 7. The fit parameters (filled squares) are shown in Fig. 5. (c) Same data as in (b) plotted
in rescaled units (see text) (symbols) and theoretical expectation (line).
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FIG. 5. Fractional Maxwell parameters extracted from both frequency sweeps (stars) and creep
data (squares) fitted by Eqs. 5, 6 and 7 respectively.
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FIG. 6. Viscoelastic moduli G′ (squares) and G′′ (circles) probed at angular frequency ω = 6.28
Hz as a function of the strain amplitude, γ0. γ0 is increased from 0.01% to 1000% at a rate of 20
points per decade. 10 oscillations are performed for each γ0. Sample age is 240000 s.
1 0 - 6 1 0 - 4 1 0 - 2 1 0 0 1 0 21 0
1
1 0 2
1 0 3
1 0 4
   G '       G ' '   O s c i l l a t i o n s   C r e e p   F r a c t i o n a l  M a x w e l l
G', 
G'' 
 [Pa
]
   [ r a d / s ]
FIG. 7. Comparison between viscoelastic moduli probed in small amplitude oscillatory strain at
γ0 = 0.1% amplitude (large open symbols) and creep under a constant shear stress σ0/G0 = 1.8%
(small solid points) for a sample age tw = 2 · 105 s. Dashed lines represent best fits using the
Fractional Maxwell model. The fit parameters are: G0 = 2700 Pa, τM = 1.5 · 104 s, α = 0.35.
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FIG. 8. (a) Viscoelastic creep under a constant shear stress σ0 = 30 Pa, lasting a time T = 10000 s
and followed by creep recovery. The symbols are experimental data and the line is a fit with the
FM model yielding G0 = 4400 Pa, τFM = 4.8 · 104 s, α = 0.33. (b) Recovery downwards jump γ−e
plotted as a function of the instantaneous upward elastic jump γ+e = σ0/G0. Red line represents the
expected γ+e = γ
−
e behavior. (c) Creep recovery curves following a creep under a stress σ0 = 30 Pa
lasting T seconds, as specified in the legend. The symbols are the experimental data points and
the line is the best fit with FM model. (d) Same data plotted in rescaled units, γrec/γcreep as a
function of the rescaled time t′/T , as in Eq. 9. The sample age is tw ≈ 5 · 105 s.
22 Power law viscoelasticity of a fractal colloidal gel
0 500 1000
0
1
2
-4
0
4
0 40 80 120 160
-8 -6 -4 -2 0 2 4 6 8
-3
-2
-1
0
1
2
3
0 1 2
0.0
0.1
0.2
0.3
t [s]
,
 
/
k
  
 [
%
]
 
t [s]
,
 
/
k
  
 [
%
] c)a)
 
 

  
[%
]

e
  [%]
b)
 
 
k
q [m-1]
FIG. 9. a) Red symbols: oscillating strain under an oscillating stress of amplitude σ0/G0 = 4%.
Black line: static asymmetry χ(q) measured at q = 2.6µm−1 divided by the proportionality constant
k(q) discussed in the text. b) Symbols: static asymmetry χ(q = 2.6µm−1) observed under a
step strain deformation of amplitude γe. Positive and negative γe values represent step strains
in opposite directions. Red line: linear fit of the small deformation regime, used to extract the
proportionality constant k(q). Inset: q dependence of the proportionality constant. The line is a
linear fit of the experimental data (symbols). c) Red curve: creep deformation (σ0/G0 = 1.5%)
and recovery after a creep time T = 200 s. Black curve: static asymmetry χ(q = 2.6µm−1) divided
by k(q). Sample age is tw = 1.5× 105 s.
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FIG. 10. a) Oscillating strain under an oscillating stress of amplitude σ0/G0 = 0.4% as a function
of adimensional time ft (f = 0.025 Hz is the frequency of the oscillation). b) Intensity correlation
function measured for q vectors oriented in the velocity direction (open symbols) and in the vor-
ticity direction (filled symbols), respectively. Correlation echoes occur whenever the macroscopic
deformation goes through 0. c) Correlation functions measured in the vorticity direction for various
strain amplitudes γ0, as shown by the label. In b) and c) the scattering vector is q = 3.1 µm
−1. d)
Amplitude of the correlation echo as a function of the strain amplitude γ0, for three representative
scattering vectors. Sample age is tw = 1.5× 105 s.
